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The ultimate load capacity in cold-formed steel beams 
may exceed the initial yield load due to the redistribution 
of stresses through the depth of the section after yielding; 
and in addition, in the case of redundant beams, due to the 
inelastic moment redistribution. The development of a 
failure criterion for the determination of ultimate compres-
sive strain capacity of cold-formed flexural members, with 
stiffened compression flanges, is presented. Depending upon 
the slenderness of the compression flanges and the cross 
sectional shape and dimensions, the determination of ulti-
mate moment capacity (Mu) in excess of yield moment becomes 
possible using the proposed failure criterion. As design and 
analysis aids, formulas to compute the ultimate moment capa-
&ity of commonly used cold-formed steel shapes can easily be 
derived by considering the equilibrium of stresses and by 
assuming linear strain distribution. 
Post yielding strength of redundant cold-formed steel 
lAssociate Professor of Civil Engineering, Utah State University, 
Logan, Utah 84322. 
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flexural members due to moment redistribution is also 
presented. In redundant beams, depending on the inelastic 
rotation capacities of the previously formed partial hinges, 
subsequent partial hinges may form through moment redistri-
bution. To determine the inelastic rotation capacity of par-
tial hinges, a semi-empirical expression is also developed 
based on the proposed failure criterion. To illustrate the 
utilization of reserve strength due to partial moment redis-
tribution in redundant cold-formed steel panels, 
analysis problem is provided. 
INTRODUCTION 
a sample 
Analytical methods to determine the maximum load capa-
city of hot-rolled steel and reinforced concrete members 
have been well documented. The availability of such methods 
of limit analysis permits the measure of safety to be based 
on ultimate strength rather than on an allowable stress, and 
provides reasonably realistic safety factors. 
It is known that the ultimate load in flexural members 
may exceed the initial yield load due to the redistribution 
of stresses through the depth of the section, and also due 
to the inelastic moment redistribution, in the case of 
redundant beams. The additional load beyond the first yield-
ing which can be carried in a member is defined as the ine-
lastic reserve capacity. Most standard hot-rolled steel sec-
tions (2 ) are capable of sustaining large strains prior to 
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unloading so as to allow complete stress redistribution. At 
that time the plastic moment of the section Mp is said to 
have developed and a full plastic hinge is formed. Further-
more, when adequately braced, most standard hot-rolled 
shapes possess sufficient inelastic rotation capacity to 
maintain M at the plastic hinge locations until a collapse p 
mechanism is formed. This condition corresponds to the 
attainment of the ultimate load capacity of the member. 
In the case of cold-formed steel members, because of 
the effects of initial imperfections and other inherent 
geometric peculiarities, the analytical methods developed 
for hot-rolled steel are not applicable. Because of their 
thinner plate components, the ultimate strength of cold-
formed flexural members are generally considered to be lim-
ited by yielding. It is indicated in Ref. 4 that stiffened 
compression elements in cold-formed steel members having a 
width-to-thickness ratio, wit, larger than the limiting 
value of (w/t)lim = 221/\/Oy buckle prior to yielding and 
are referred to as the partially effective sections. In 
expression, 0 represents the yield stress of steel in y this 
ksi (1 ksi = 6.0 MPa). A stiffened compression element is 
one which is adequately supported along both of its longitu-
dinal edges. For such slender compression elements, the 
existing elastic methods of analysis, based on effective 
section properties, are adequate for predicting the ultimate 
capacity of the member. 
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However, relatively recent experimental data obtained 
from tests conducted on panels with single and mUltiple 
spans (9) has indicated that the ultimate moment capacity Mu 
of' certain cold-formed steel sections with stiffened 
compression elements is in excess of the yield moment My' 
but is generally smaller than M p Although sections which 
can tolerate only partial plastification prior to unloading 
may buckle at stresses less than cr , their ultimate compres-y 
sive edge strain capacity E may exceed the yield strain E 
cu y 
by a considerable amount. However, in general E does not 
cu 
extend into the strain hardening range; rather it is ter-
minated within the yield plateau of the stress-strain 
diagram. The development of a failure criterion to deter-
mine ECU is briefly discussed. 
A statically determinate cold-formed steel beam becomes 
unstable when Mu is reached at the most critically stressed 
sectionj at which time a partial hinge is said to have 
formed. In redundant beams, however, subsequent partial 
hinges may form through moment redistribution, depending on 
the inelastic rotation capacities of the previously formed 
partial hinges. To determine the inelastic rotation capacity 
of partial 
given. 
hinges, e , a semi-empirical expression is also p 
The limit design approach proposed in this paper is 
similar to those developed for reinforced concrete members, 
in which empirical equations for the maximum concrete strain 
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and the equivaient length of partial plastic hinges are 
developed. The utilization of reserve strength due to par-
tial stress and moment redistribution in redundant cold-
formed steel panels is illustrated in a sample problem. 
ULTIMATE COMPRESSIVE STRAIN CAPACITY 
Based on 38 hat- and C-shaped cold-formed steel beam 
tests, failure criteria are presented in Fig. in terms of 
the ultimate compressive strain in beams under moment gra-
dient and uniform moment. As shown in this figure, the 
failure criteria are expressed as the ratio of ultimate 
compressive strain to yield strain, e: Ie:, against the wit 
cu y 
ratio of the stiffened element. The wit ratio is normalized 
with respect to cry so as to generalize the validity of the 
proposed criteria for all grades of structural steel exhi-
biting adequate ductility. This generalization for struc-
tural steel has been experimentally verified in Ref. 8. 
To minimize complexity in analysis, e: 
cu 
has not been 
expressed as a continuous function of a parameter represent-
ing moment gradient. Rather, it is recommended that the 
member be considered under uniform moment if, at ultimate, 
the yield zone is extended beyond one half of the reference 
span. In Fig. 2, for linear moment gradients, this require-
ment corresponds, to the limiting moment ratio of 
Plim = (2My/Mu) - 1.0. Hence, if the actual moment ratio P 
is s~ch that Plim < P C 1.0, the beam is to be considered 
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under uniform moment, and if -1.0 ~ P ~ Plim , under moment 
gradient. 
In Refs. 6 and 7, the M /M ratio is y u shown to vary 
between 0.75 and 1.0 for most practical cold-formed steel 
shapes. Conservatively taking My/Mu = 0.75 results in Plim = 
0.5. It should be noted that, in a limit analysis, since 
the moment distribution at failure is not known a priori, 
the moment ratio P cannot be predetermined. Hence, it is 
recommended that, unless a large amount of moment redistri-
bution is possible, the elastic value of P be used in deter-
mining the moment condition. Accordingly, if the elastic 
moment ratio is more than one half, the beam is to be con-
servatively treated as a member under uniform moment, and 
the corresponding criterion in Fig. 1 is used. 
Clearly, in addition to slenderness provisions for 
flanges, webs of cold-formed steel sections must be propor-
tioned or stiffened such that they do not buckle or cripple 
prior to the development of the required strain capacity 
(4). A conservative criterion for the web slenderness ratio 
is developed in Ref. 8. Lateral bracing provisions are also 
considered in order to ensure that the estimated flexural 
strength is developed prior to lateral buckling. 
It should be noted that the smallest wit ratio in Fig. 
15o/,I<1y· 
metric, box type, 
1 is As a result of experiments on doubly sym-
thin walled structural shapes, it is 
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recommended in Ref. 1 that sections having a ratio of w/t ( 
150/,!Oy be considered capable of full plastification with 
sufficient rotation capacity to permit the complete moment 
redistribution. 
PARTIAL HINGE CAPACITY 
In Ref. 6, on the basis of the proposed ultimate 
compressive strain criterion, a semi-empirical expression 
for 9 is also formulated. The shaded area in Fig. 3b p 
represents the inelastic rotation component, and can be com-
puted as: 
9p = k(~u - ~yu)Hp' (1) 
in which k represents a coefficient describing the shape of 
inelastic curvature distribution, H is the actual length of p 
the yield zone to one side of the partial hinge, and the 
curvatures ~u and ~yu are defined in Fig. 3b. 
The following expressions for H 
P 
and k, determined 
using a numerical analysis, are found to give reasonable but 
conservative values for 9 in comparison with experimental p 
results (6). 
A 
k = 0.65 (~) 1.29 A 
c 
In Eq. 2, N is the width 
tion, and H refers to 
H 
P 
H + N 
5.5 
A e: (....!) .645 (-----y) .806 (~).205 
A e: H 
w cu p 
of bearing plate at the hinge 
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side of the hinge, neglecting the distribution effect of the 
bearing plate. In Eq. 3, Aw ' At and Ac are the areas of 
webs, tension flange and compression flange, respectively, 
and d is the depth of section. 
IDEALIZATIONS FOR STRENGTH DETERMINATION 
Often, the material and the section behaviors are 
reflected through stress-strain (O-E), and bending moment-
curvature (M-t) relationships, respectively. In ~he simple 
plastic design theory developed for hot-rolled steel (3), 
concerning the material behavior, the residual stresses and 
the strain-hardening range are generally neglected, and an 
elastic, perfectly-plastic O-E relationship is assumed. 
Although the effects of residual stresses are important in 
stability considerations and in accurate calculation of 
deflections, the collapse load is not affected significantly 
by the presence of such stresses. For structural steels 
exhibiting a well defined yield point, the section plastifi-
cation starts after M is reached. y 
tion continues until the ideal 
The stress redistribu-
plastic moment M 
P 
is 
obtained, indicating a gradual plastification in the M-t 
diagram. The exact shape of the M-t diagram is a function of 
material and cross-sectional properties (3). In general, M 
P 
is approached so rapidly that the use of an idealized bil-
inear M-t relationship is justified. One of the implications 
of this simplification is that the structure behaves elasti-
cally until M is reached. This in turn implies that hinges 
p 
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form at highly stressed discrete points. Furthermore, the 
structure behaves elastically everywhere except at hinges, 
which constitutes the basis for simplified deflection calcu-
lations. 
Concerning the M-t diagrams presented in Ref. 9 for 
cold-formed steel sections, a close agreement between the 
theoretical and experimental M-t curves is evident within 
the early stages of elastic range. With increasing loads, 
imperfections begin to significantly influence the behavior. 
The discrepancy between the theoretical and experimental 
diagrams becomes greater with increasing moment. However, 
most M-t curves exhibit some ductility indicating that con-
siderable reserve strength is available beyond M • 
Y 
On the 
basis of this observation, in determining the ultimate load 
capacity of cold-formed steel members, M-t relationships can 
be idealized as indicated in Fig. 4 (9). The implications of 
this bilinear idealization are similar to those mentioned in 
connection with the simple plastic design theory. 
In most cold-formed steel members, only a limited 
amount of moment redistribution would take place if the for-
mation of a complete mechanism is prevented by the insuffi-
cient rotation capacity of partially developed hinges. In 
such a case, a limit analysis procedure may be adopted to 
compute the ultimate load capacity of the member. The appli-
cation of the proposed criteria and the simplifications are 
illustrated in the following example problem. 
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ANALYSIS FOR PARTIAL MOMENT REDISTRIBUTION 
Analysis of Two Equal Span Continuous Panel 
A panel, having the cross sectional geometry shown in 
Fig. Sa, is formed from 16 gage steel sheets with 0 y 36 
ksi and t = 0.06 in. The loading and the structure geometry 
is given in Fig. 6a. Determine the ultimate load Pu ' and 
identify the components of inelastic reserve due to stress 
and moment redistribution. 
Equilibrium and Elastic-Plastic Compatibility Relationships 
The positive bending moment sign convention and the 
bending moment diagram on span AD are shown in Figs. 6b and 
6c, respectively. The following two independent equilibrium 
equations can be derived using statics (6): 
210 MB - 68.5 MD 





One further equation (compatibility) is required for the 
complete solution. 
The principal of virtual work can be used to formulate 
an elastic-plastic compatibility equation to account for the 
possible concentrated inelastic rotations at points B, C and 
D. On the basis of the assumption that the member behaves 
elastically between hinge points, the basic virtual work 
equation can be written as (6): 
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(6 ) 
The bending moments M are in equilibrium with external loads 
and m are the redundancies which are in equilibrium with 
zero virtual loading. For a structure with N redundancies, 
Eq. 6 represents N different compatibility equations. Sub-
stituting the appropriate values in Eq. 6 and integrating 
gives (6); 
(7) 
in which eA, eB , and ee are the inelastic components of 
rotations concentrated at their respective locations. Eqs. 
4, 5 and 7 are valid throughout the loading. 
Elastic Relationships 
Within this range, 6B = Be 
computed directly from Eq. 7; 
o. Thus, MB can be 
M = 1276.194 P 
B 107.3 11.9 P (8 ) 
Substituting MB in Eq. 4 gives 
Mn = -17.52 P ( 9) 
The negative sign indicates that Mn is acting in the oppo-
site direction to that indicated in Fig. 6b. Then, the 
moment at e can be computed using Eq. 5; 
6.79 P (10 ) 
The panel in Fig. Sa can be considered (5) to be com-
posed of four typical sections within the positive bending 
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moment region (+BMR), as shown in Fig. 5b, and four typical 
sections within the negative bending moment region (-BMR), 
as in Fig. Sc. Hence, section properties and moment capaci-
ties of the panel within +BMR and -BMR may differ. In the 
following, the section properties and moment capacities in 
both regions are determined using the formulas derived in 
Ref. 4. 
Positive Bending Moment Region 
From Fig. 5b, wit = 1.85/0.06 = 30.83 = 185/,IOy. Since 
this value is smaller than (w/t)lim 221/,IOy' the section 
is fully effective. The elastic moment ratio in this region 
is + MC/MB = 0.57. Since this ratio is greater than 0.5, 
the panel is considered to be under uniform moment within 
the +BMR. With wit = 185/,!oy' uniform moment criterion in 
Fig. 1 gives ~ I~ = 3.0. 
cu y 
Elastic properties within the +BMR at yield and at 
ultimate are computed in Ref. 5 on the basis of the formulas 
derived in Ref. 4. The relevant information for the solu-
tion which follows is listed in Table 1. 
Negative Bending Moment Region 
From the elastic relationships, p = Mc/Mn 6.79P/(-
17.522) = -0.388. Since -1.0 ( p' 0.5, the moment gradient 
criterion in Fig. 1, with wit = 1.65/0.06 = 27.5 = 165/,1 0y' 
gives ~ /~ = 5.0. Furthermore, since the actual wit ratio 
cu y 
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is smaller than the limiting value, the section is fully 
effective. Table 1 also lists the relevant elastic proper-
ties within the -BMR (8). 
Table 1 - Properties Within +BMR and -B~1R 
+ BMR - BMR 
At Yield At Ultimate At Yield At Ultimate 
I+=0.7026 in4 M~=35.0 in-k I-=0.7026 in4 M-=35.2 
u 
i n-k 
M;=30.7 in-k + -6 . 4>u=4878xlO Iln M~=30.7 in-k <P~=7l83X10-6 lin 
+ -6 ¢y=1482xlO lin + -6 ¢yu=1689xlO lin - -6 ¢/1482xlO lin - -6 ¢yu=1697xlO lin 
INote: 1 in. = 2. 54 em; 1 i n-k = 11 • 3xl 03 em-No 
Step-by-Step Solution 
Because section properties within +BMR and -BMR are 
usually not the same in cold-formed steel members, the elas-
tic moment diagram alone does not provide sufficient infor-
mation to determine where the first hinge may form. However, 
since M is the same in both regions, it is obvious from the y 
elastic solution that the first yielding would necessarily 
take place at.the interior support D. Similarly, the first 
partial hinge would also form at that section, where, on the 
basis of the idealized M-~ relationship, all the inelastic 
rotations are assumed to take place. However, whether M+ at 
u 
section B can be obtained would depend on the inelastic 
rotation capacity of the partial hinge at D. 
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(1) Yield ~ Q. - Substituting MD = My -30.7 in-k in 
Eq. 9, the yield load can be found as P 
Y 
1.75 kips. The 
corresponding magnitudes of moment at sections Band e can 
then be computed from Eqs. 8 and 10 fts MB = 20.86 in-k and 
M 11.90 in-k. 
c 
(2) First Partial Hinge ~ D. - Since the behavior is 
idealized as elastic up to the attainment of M-, the 
u 
corresponding magnitude of the applied load P can again be yu 
determined from Eq. 9 by setting MD = M: = -35.2. This gives 
Pyu = 2.0 kips. The corresponding values of MB and Me 
23.9 in-k and 13.63 in-k, respectively. 
are 
(3) Failure State. - Since at P = P the section at yu 
the interior support is assumed to have reached its moment 
capacity, any additional load is carried by redistribution 
of moment to the less severely stressed sections. In any 
limit analysis procedure, if no expression for the predeter-
mination of e is available, p the moment distribution at 
failure can only be solved by an iterative numerical pro-
cedure. In order to illustrate this characteristic of the 
solution, the failure state is first determined using a 
numerical procedure, and then the expression for 
in Eq. 1. 
e proposed p 
A. Numerical Solution: The procedure outlined in the 
following steps may be adopted to compute P u ' 
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1. Assume a moment distribution as the failure state, and 
solve for the ultimate load from equilibrium. 
2. Determine the required inelastic rotation (6D in this 
case) from compatibility conditions. 
3. Construct the curvature diagram corresponding to the 
assumed moment distribution, and evaluate 6 • p 
4. Compare 6 p and BD• Repeat the procedure until 
approximately equal to 6D• 
These steps are further clarified as the 
progresses. 
6 is p 
solution 
Step 1. - Since M+ is computed 
u 
as 35.0 in-k, and MB at 
P as 23.9 in-k, it is reasonable to assume MB = 28.0 in-k yu 
at failure as the first trial solution. With this assumed 
value of MB and MD = M: = -35.2 in-k, the first equilibrium 
relationship, Eq. 4, gives P 
u 
2.24 kips. Hence, the 
corresponding value of Mc' from Eq. 5, is 17.85 in-k. The 
assumed moment distribution is shown in Fig. 7. 
Step 2. - Using 6B = 6c = 0 in Eq. 7 indicates that the 
required inelastic rotation at section D, corresponding to 
the assumed moment distribution, -6 is 6D = 6963 x 10 rad. 
Step 3. - The permissible inelastic rotation at section 
D can be determined by constructing a curvature diagram 
corresponding to the failure state using a numerical pro-
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cedure. A reasonably accurate value for 6 can be found if p 
curvatures at several locations within the yield zone are 
evaluated. The yield zone extends from section D, where 
a = E IE ratio is 5.0, to both sides of section D, 
cu y where 
yielding has just taken place (E in Fig. 7). Since yielding 
initiates in the compression flange within the -BMR, E IE 
cu Y 
= 1.0 at section E. 
To construct a curvature diagram at failure, locations 
and curvatures of several sections are computed using the 
geometry of the assumed moment diagram in Fig. 7 (6). These 
points are used to construct the profile of section plastif-
ication, and the curvature diagram in Fig. 8. Note that a 
1.1316 corresponds to the section whose tension flange has 
just yielded. The shaded area in Fig. 8b corresponds to 6 , p 
and can be computed by subtracting the elastic rotation from 
the total rotation within the yield zone. 
program developed in Ref. 6, 
determine 6 = 2380 x 10-6 rad. 
p 
Step 4. The relationship 
Simpson's 
6p < 6D 
In the computer 
rule is used to 
indicates that 
unloading of the partially developed hinge at section D 
would take place before the assumed value of MB = 28 in-k is 
reached. 
This procedure, involving four basic steps, can be 
repeated by assuming other values for MB smaller than 28 
in-k. MB = 26 in-k approximately satisfies the rotational 
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compatibility condition with Pu = 2.13 kips. This analytical 
solution clearly indicates that the predetermination of e p 
would considerably simplify the prediction of the ultimate 
load capacity. 
B. Solution Using Eq. l: To compute k in Eq. 3, the 
hinge length H at failure is to be determined. Clearly, 
since the moment distribution at failure is not known, H 
cannot be determined at the outset. It is illustrated in 
Ref. 6 that, except when a large amount of moment redistri-
bution is possible, H does not vary considerably after the 
formation of the first partial hinge. Hence, in general, the 
value of H can be determined at the last hinge formation. 
When considerable moment redistribution is expected, how-
ever, a more precise value of H can be computed (6). H at 
the formation of the partial hinge at D can be found using 
the corresponding moment diagram in Fig. 7. This gives H = 
3.41 in. Then, Eq. 3 results in k = 0.2531. 
Substituting appropriate values in Eq. 1, 6 = 0.2531 x' p 
(7183-1697) x 10-6 x 3.41 = 4735 x 10- 6 rad. In accordance 
with the condition of rotational compatibility, e is to p be 
set equal to eD• Hence, with 6p known, equilibrium and com-
patibility equations become sufficient to solve for P • 
u 
Using E = 29500 ksi and solving Eqs. 4 and 7 simultaneously, 
the ultimate load can be determined as Pu = .2.17 kips, which 
is only slightly higher than the value obtained using the 
analytical procedure. To complete the solution, MB 26.68 
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in-k, and MC = 16.5 in-k can be found. 
The ratio P /p = 2.17/1.75 
u y 1.24 indicate·s that a 
total of 24% increase beyond the load at first yield is pos-
sible. This considerable gain in capacity would have been 
neglected if the inelastic behavior were not accounted for. 
The ratio P /p = 2.0/1.75 yu y 1.14 indicates that 14% of the 
total reserve capacity is due to the section plastification, 
and the remaining 10% increase is obtained through moment 
redistribution. 
CONCLUSIONS 
In order to take into account the post-yielding 
strength of cold-formed sections, a limit design procedure 
similar to those developed for reinforced concrete members 
is proposed. In general, post-yielding strength depends on 
(1) section plastification and (2) moment redistribution 
subsequent to section plastification. In the proposed limit 
design procedure, section plastification is limited by 
compressive strain capacity, and moment redistribution, by 
the inelastic rotation capacity. The procedure and the 
implications of the proposed simplifications are illustrated 
via an analysis example. On the basis of conservative 
assumptions, it is illustrated that a considerable amount of 
reserve capacity in cold-formed steel flexural members due 
to post-yielding strength is possible. 
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